Abstract-This paper deals with the problem of string stability in a chain of acceleration-controlled vehicles. There exist two different definitions of string stability in literature. It is known that those versions of string stability are impossible to achieve with any linear homogenous controllers if the vehicles only use relative information of few vehicles in front. Previous works have shown that adding absolute velocity into the controller, allows to satisfy the weaker definition of string stability. In this paper, we consider stronger definition of string stability, under using heterogenous controllers in platoon. We prove it is possible to guarantee the most strict definition of string stability using linear heterogenous unidirectional controllers with PD coupling gain between the vehicles.
the 'neighbors' reduce to one directly preceding vehicle, a quick proof of this fact follows essentially a variation of the Bode integral for the transfer function from vehicle i to i + 1, which takes the form of a sensitivity function. This leads to a transfer function with always a H ∞ norm more than one (except in the trivial case of no control), and thus an exponential growth of an initial disturbance of some frequency as it travels along the vehicle chain [13] . As the chain grows longer, the last vehicle (with index N ) will thus undergo larger and larger oscillations; the absence of an Nindependent bound on the perturbations undergone by the vehicles implies string instability.
Another line of work has considered bidirectional coupling -i.e. each vehicle can react to some vehicles just in front and to some vehicles just behind itself. The most popular setting for this case is to assume symmetric coupling, such that the mutual reactions of two interconnected vehicles can be modeled following mechanical principles -e.g. placing a suitably tuned spring-damper system between them, and analyzing it with passivity type methods. It has been shown with this approach that the impact of a bounded input disturbance on the error in the distance between any single pair of vehicles can be kept bounded with a suitable design of linear impedance between the interconnected masses, [15] . Yet also in this case a fundamental limitation of linear controllers has been proved: when the number of vehicles N goes to infinity, for any linear symmetric bidirectional controller looking only one vehicle in front and one vehicle behind, the L 2 norm of the vector of distance errors will necessarily grow unbounded for some l 2 -bounded input disturbances on the vehicles [13] , [8] . It means using any linear symmetric bidirectional controller we can guarantee (L 2 , l 2 ) string stability that is more strict condition that l 2 norm string stability. This implies in practice that even for l 2 -bounded input disturbances -think of a small bump in the motor command of the first vehicle -the implied integrated error on the length of the whole chain might grow in a way that cannot be bounded independently of N . This l 2 formalization is in fact the precise definition of string stability [8] . The benefit, on a different but related objective, of breaking the symmetry in the coupling has been famously shown in [9] , [16] . It has been proved in [16] , using a proper asymmetric bidirectional controller it is possible to guarantee (L 2 , l 2 ) string stability, only with respect to the disturbance input acting on the leading vehicle.
The impossibility, discussed above, to guarantee l 2 and (L 2 , l 2 ) norm string stability with homogenous linear controllers holds for vehicles modeled as second-order pure integrators and relying on purely relative measurements. When a term proportional to absolute velocity is added to the dynamics, the fundamental problem of string instability disappears. In proposed solutions, this absolute velocity can take the form of a drag force or be used in the actual controller to guarantee l 2 norm string stability in both of cases of unidirectional and bidirectional controllers, e.g. in what has become known as the time-headway policy in adaptive cruise control and cooperative adaptive cruise control [4] , [6] , [11] , [14] , [17] .
In this paper, we consider the most strict condition of string stability called (L 2 , l 2 ) norm string stability that means the L 2 norm of the vector of error functions should be bounded independently of number of vehicles that also can guarantee l 2 norm string stability as well in which in l 2 norm string stability the criteria is to guarantee l 2 norm of each of the error functions to be bounded independently of number of vehicles. In order to guarantee (L 2 , l 2 ) norm string stability, we investigate linear heterogenous controllers, that means vehicles are interconnected with different control gains. We show that it is not possible to guarantee l 2 and (L 2 , l 2 ) norm string stabilities using any periodic heterogenous unidirectional controllers, in which n number of vehicles are grouped in m number of groups of vehicles. Because, the product of sensitivity functions is also a sensitivity function that has a H ∞ norm more than one according to the Bode Integral Theorem. Thus, we consider non-periodic unidirectional controllers and prove how we can guarantee (L 2 , l 2 ) string stability independently of number of vehicles. This paper is organised as follows. In section II, we propose the problem settings of paper and two different definitions of string stability, (L 2 , l 2 ) and L 2 ; and consider the impossibility results of any periodic heterogenous controllers. In section III, we address the possibility of (L 2 , l 2 ) string stability, using non-periodic heterogenous unidirectional controllers. In section IV, we illustrate by the simulation results that the problem of (L 2 , l 2 ) string instability can be eliminated and accelerations of vehicles can be bounded independently of number of vehicles. Eventually, section V concludes the paper.
II. NOTATIONS AND PROBLEM SETTINGS
Consider a chain of N + 1 subsystems (e.g. vehicles) with configuration (e.g. deviation from nominal position) x i ∈ R N , for i = 0, 1, 2, ..., N . These vehicles move according to the dynamics, expressed in Laplace domain:
where u k is the control input, and d k is a disturbance input, for each i.
Here, we suppose in order to design the control gain u i only we use the relative information between the vehicles, as follows
for i = 1, 2, ..., N , in which, e k is the deviation in relative distance between consecutive vehicles, and c is the desired distance between the vehicles. Since the aim of this paper is to deign unidirectional controllers, all vehicles should have access to the relative information of one vehicle in front, y i . Then the linear control equations, governing which input commands are applied, take the general form:
with transfer functions to be specified, and adapted expressions with appropriate terms dropped for the first vehicle and last vehicle. The standard definitions of string stability consider the (L 2 , l 2 ) and l 2 norms as follows Definition [l 2 norm]:
of the vector f containing all f i , i = 1, 2, ..., N . It is stated in absence of sensor measurement noises, and requires that there exists a constant c independent of N such that e(.) 
The vehicle chain is (L 2 , l 2 ) string stable if, with the closed-loop dynamics, for every > 0 there exists δ > 0 such that:
The choice of the sum-of-squares of the disturbance type is arbitrary here, any other type of sum or max would just change the constant α.
Using the control structure (3) with the homogenous control gains K i (s) = K(s), and assuming d i = 0 for i > 0 i.e. only a disturbance on the leading vehicle, the error on the relative distance as vehicle i is easily computed to take the form:
2 . Thus T (s) takes the form of a complementary sensitivity function built on R(s). The latter has a double pole at the origin, under the reasonable assumption that K(s) can have no zero at the origin -i.e. in practice, assuming that K(s) cannot be made proportional to the derivative of e(t), without any contribution from the value of e(t) itself; this is a common assumption in realistic filters. To guarantee that e k remains bounded, for any frequencies in the disturbance signal d 0 and with i arbitrarily large, it is then necessary in particular that |T (jω)| ≤ 1 at all frequencies ω. One concludes that this is impossible for a stable system, from the statement of Bode's Complementary Sensitivity integral which we recall below.
Proposition 1: Assume that the loop transfer function R(s) of a system has (at least) a double pole at s = 0. If the associated feedback system is stable, then the complementary sensitivity function T (s) = R(s) 1+R(s) must satisfy: So, no linear controller of the type u i (s) = K(s)e i (s) can achieve string stability (under the reasonable assumption of no pole-cancellation, namely that K(s) has no zero at s = 0).
In order to show an example as the impossibility result to guarantee string stability, we suppose vehicles are grouped in m groups and each group consists of n number of vehicles. Furthermore, we suppose vehicles are interconnected with only one preceding vehicle with different control gains. So, it means we consider the case of periodic heterogenous unidirectional controllers. We define the control input of vehicles interconnected in each group as follows
in which j and i denote the index of group and the index of vehicle in the corresponding group, respectively. Where, j ∈ {1, 2, ..., m} and i ∈ {1, 2, ..., n}.
The error function of (1) with the controller (5) can be obtained as follows
Here, we suppose there exists a stochastic disturbance input acting on the leading vehicle, only. Thus, the error function with the index (j, 1), can be rewritten as follows
As we mentioned in Proposition 1, according to Bode Integral always there exist some frequencies that the magnitude of the transfer function ki s 2 +ki is more than one, that leads to a H ∞ norm strictly more than one. Thus, in some frequencies the error function e j,1 gets amplified unbounded with respect to the unbounded number of the groups of vehicles, m. So, in the case of any linear periodic heterogenous unidirectional controllers we can guarantee neither L 2 definition nor (L 2 , l 2 ) definition of string stability, and the error functions between the vehicles get amplified through the vehicle chain.
In this section, we consider heterogenous unidirectional controller (3) and we show how it is possible to guarantee (L 2 , l 2 ) norm string stability.
We thus consider the unidirectional controller (3) with constant spacing policy between the vehicles, c > 0. We recall that the latter expresses that the desired distance between x i and x i−1 is proportional to a constant value c. With the configuration error e i = x i−1 −x i −c, this controller implies the closed-loop equation
for i = 2, 3, ..., N , and
. The controller transfer function K(s) should satisfy K(0) = 0, but for the rest it is left open for future tuning. This control strategy was motivated by the following result [11] , [16] , [17] . The proof is simple enough to be repeated here.
In order to design heterogenous controller we suppose k i = α i k. So, we reformulate (8) as follows
for i = 2, 3, ..., N . And, and
string stability analysis
In the following with a rigorous theorem, we prove how we can guarantee (L 2 , l 2 ) string stability using heterogenous controllers (3), where the coupling gains interconnecting the vehicles are defined as k i = α i k. Theorem 1: There exists a pair (K(s), α i ) , satisfying the necessary condition || αik s 2 +αik .
αi−1 αi || ∞ < β < 1 for all i = 2, 3, ..., N , K(s) = bs + a is a stabilising PD controller, that achieves (L 2 , l 2 ) string stability.
proof : We consider the case where disturbance inputs are distributed and can affect all vehicles in the vehicle chain. In order to guarantee (L 2 , l 2 ) string stability, at first we should address the relation || αik s 2 +αik .
αi−1 αi || ∞ < β < 1 as the necessary condition for (L 2 , l 2 ) string stability, using appropriate tuning of the parameters α 1 , α 2 , b, and a. Here, we can rewrite (9), as follows
with
Using appropriate tunings of the parameters α i , a, and b for all i = 1, 2, ..., N we can guarantee some relations as follows
Towards proving string stability, we first use the triangle inequality to bound
with the induced matrix norms, i.e.
with * the complex conjugate transpose. The proof now comes down to proving a bounded norm, independent of N and s = jω, for each of the three terms in the matrix sum with the N × (N + 1) matrices
For the first term, since A * A = diag(0, 1, 1, 1, ..., 1), we immediately have |L 1 (s)| A 2 = |L(s)|, and the latter can be bounded independently of s = jω for a stable system.
For the second term, we have
Under the condition of β < 1, the numerator is lower than 1 and
It is then easy to find a bound that is valid independently of N and at all frequencies ω, for a given PD controller and β satisfying β < 1.
For the third term, we obtain that the element (m, n) of the matrix C * C equals
for φ, ϕ ∈ {2, 3, ..., N }, φ ≥ ϕ, symmetrically for ϕ > φ, and zero for the remaining terms. The Gerschgorin circle theorem thus says that all the eigenvalues of C * C(jω) are comprised in the circles of respective center and radius
Again for β < 1 we can bound each sum by the result of an infinite geometric series, provided we investigate the limit at ω = 0 when the factor P (s) is included. This yields
it is apparent that the first factor is bounded, independently of ω and N . Furthermore, | P (jω) | is bounded at all frequencies. Thus,
2 is bounded at any frequencies independently of ω and the number of vehicles N .
Hence, using any stabilising PD controllers with the heterogenous control gains between the vehicles it is possible to guarantee (L 2 , l2) string stability with respect to disturbances acting on the leading vehicle and on other vehicles as well, thus in the general sense of (L 2 , l 2 ) string stability definition.
B. The sufficient condition to guarantee β < 1, using PD heterogenous controller
In this section, we extract a sufficient condition that we can satisfy the necessary condition β < 1 to guarantee (L 2 , l 2 ) string stability using PD controllers defined as, k i = b i s+a i .
Proposition 1: The exists a pair (b, a), where with the conditions b >> a, and a/b < √ α i a, we can guarantee the necessary condition β < 1.
Proof: As mentioned in the previous subsection we have the complementary transfer function as T (s) = αi(bs+a)
αi . With the assumption a/b < √ α i a the transfer function F (s) has the maximum magnitude at frequency ω 0 = √ α i a. At frequency ω 0 the amplitude of F (s) can be obtained as follows
thus, in order to guarantee the relation || T (s) || ∞ = β < 1, we should satisfy the necessary, and sufficient condition
αi−1 αi = β < 1. It concludes the proof.
C. Bounded acceleration of vehicles
In this section, we prove using appropriate heterogenous controllers with the PD coupling gains the acceleration of vehicles remains bounded at any frequencies independently of number of vehicles. Proof: We consider the acceleration of last vehicle. Because, in the case of unidirectional controllers there exists an accumulation of disturbance inputs on the last vehicle. Hence, the bounded acceleration of last vehicle apparently can lead to the bounded acceleration of other vehicles in the platoon. The acceleration of last vehicle can be obtained as follows
Here, we suppose disturbance inputs affect all vehicles in platoon. Thus, s 2 x N can be reformulated as follows
the L 2 norm of s 2 x N can be obtained as follows
Now we prove that H ∞ norm of 
choosing sufficiently a large value of b satisfying the condition b >> a, we can rewrite (15) as follows
if we suppose α i = 2 i for all i = 1, 2, ..., N , we have a convergent seri as follows 
The transfer functions k N s 2 +k N , and ks s 2 +k are bounded at any frequencies. This gives a uniform bound on || s 2 x N || 2 at all frequencies and thus concludes the proof.
IV. SIMULATIONS
We can briefly illustrate the effectiveness of the proposed heterogenous unidirectional controller in simulation. We apply short disturbance inputs on first five vehicles in the platoon, where || d(.) || 2 < δ obviously can be satisified. Furthermore, we choose the control parameters as b = 10, a = 1, and α i = 2
i . This is exactly the "practical" tuning exploited in the proof, and it appears to work as well, showing some (expected) robustness with respect to the tuning parameters. It is apparent in Figure. 1 that the error decreases not only in time but also along the vehicle chain and (L 2 , l 2 ) norm of the vector of error functions converges to a constant value. Furthermore, Figure 1 illustrates that the acceleration of last vehicle remains bounded independently of number of vehicles. V. CONCLUSION
In this paper, we have shown that introducing heterogeneity in unidirectional controllers can provide concrete benefits also towards (L 2 , l 2 ) string stability. More precisely, we have shown that a simple heterogenous coupling among vehicles allows to solve this string stability problem for a vehicle chain of length N, provided the disturbances are acting on all vehicles, in contrast to [16] . We have also proved, with this alternative flow formulation, that if disturbances act on all vehicles with such controller, the acceleration of vehicles still remains bounded at any frequencies independently of number of vehicles.
